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Preface

I completed these notes while pursuing my Master 2 (M2) in Probabilités et Modèles aléatoires
at Sorbonne Université during the summer of 2026. The profound and elegant nature of
measure theory forms the bedrock of modern probability, and navigating it requires a guide
that is both rigorous and accessible.

The primary motivation behind this work is to introduce students and researchers world-
wide to an exceptionally well-crafted French textbook: Théorie de l’intégration, written by
Marc Briane and Gilles Pagès (published by De Boeck Supérieur, 2017). In the Francophone
academic world, this text is highly regarded for its pedagogical clarity, deep theoretical
insights, and its ability to seamlessly bridge abstract integration theory with applied prob-
ability.

However, as the original text is in French, I wanted to overcome the language barrier and
make its brilliant exposition available to a broader English-speaking audience. My work in
this document primarily consists of synthesizing the original French content and translating
its core ideas into English. Furthermore, I have incorporated my own insights, derivations,
and examples—highlighting the connections and intuitions that I found most valuable as an
M2 probability student.

It is my hope that these notes serve not only as a faithful homage to Briane and Pagès’s
masterful work but also as a valuable, self-contained resource for anyone looking to mas-
ter measure theory. Whether you are encountering Lebesgue integration for the first time
or seeking a rigorous brush-up for advanced probabilistic modeling, I hope you find this
document illuminating.
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1 Elements of the theory of cardinals

1.1 Cardinals

Definition 1.1. Let X and Y be two sets. We say that X is equipotent to Y , and we write
X ≈ Y or cardX = cardY , if there exists a bijection from X onto Y .

It is immediate that every set X is equipotent to itself, because the identity map on X
is a bijection from X onto X. If a function f : X → Y is bijective, then it admits a bijective
inverse f−1 : Y → X; consequently, if X ≈ Y , then Y ≈ X. Finally, since the composition
of two bijections is a bijection, it is clear that if X ≈ Y and Y ≈ Z, then X ≈ Z.

Thus the relation of equipotence is an equivalence relation on the “collection of all sets”
whose “classes” define the “cardinals.” The presence of quotation marks is justified by the
fact that the collection of all sets is not itself a set, otherwise that set would be an element
of itself. The naive passage from the equivalence relation of equipotence to the associated
equivalence classes is therefore not perfectly satisfactory from the standpoint of rigor. This
obstacle can nonetheless be circumvented, and cardinals can be defined rigorously.

Example 1.1. 1. P(X) and {0, 1}X are equipotent, because the map

P(X) −→ {0, 1}X
A 7−→ 1A

where 1A(x) :=

{
1, x ∈ A,

0, x /∈ A,

is bijective.

2. N is equipotent to 2N, because n 7→ 2n is a bijection.

Proposition 1.1. Let X be a set. The sets X and P(X) are not equipotent and, more
precisely, there is no surjection from X onto P(X).

Proof. Suppose a surjection f : X → P(X) exists. One could then find a preimage a ∈ X
of the set A := {x ∈ X : x /∈ f(x)}, i.e. an element a ∈ X such that f(a) = A. But if a ∈ A
then a /∈ f(a) = A, and if a /∈ A then a ∈ f(a) = A. Contradiction.

Notation–Definition 1.1. (a) If there exists an injection of X into Y , we write cardX ≤
cardY .

(b) If cardX ≤ cardY and X,Y are not equipotent, we write cardX < cardY .

Theorem 1.1 ((Cantor–Bernstein)). (a) If there exists an injection of X into Y , then there
exists a surjection from Y onto X.

(b) If there exists a surjection from X onto Y , then there exists an injection of Y into X.

(c) If there exists an injection (respectively a surjection) of X into Y and an injection
(respectively a surjection) of Y into X, then X and Y are equipotent; i.e. they have the
same cardinal.
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(d) If X and Y are two sets, then exactly one of the following three situations occurs:

cardX < cardY, cardX = cardY, cardX > cardY.

This (difficult) result will be admitted here.

Corollary 1.1. The relation ≤ is a total order on cardinals.

Proof. Reflexivity is immediate since, for every set X, the identity map IdX is injective.
Antisymmetry follows from point (c). The composition of two injective maps being injective,
the relation ≤ is clearly transitive. Totality follows from point (d).

Illustration 1.1. 1. If X ⊂ Y , then cardX ≤ cardY .

2. On the one hand cardN ≤ cardP(N), because n 7→ {n} is injective; on the other hand
cardN < cardP(N), since by Proposition 1.1 there is no surjection from N onto P(N).

Definition 1.2. A set X is infinite if there exists x0 ∈ X and an injection of X into X \{x0}.
Otherwise X is said to be finite and we write cardX < +∞.

Example 1.2. N is infinite, because n 7→ n+ 1 is an injection from N into N \ {0}.

Proposition 1.2. If there exists an injection of X into Y and if X is infinite, then Y is
infinite. In particular, as soon as a set contains an infinite subset, the set itself is infinite.

Proof. Let i be an injection of X into Y , and let φ be an injection of X into X \{x0}. Define
ψ : Y → Y \ {i(x0)} by

ψ(y) =

{
y, if y ∈ Y \ i(X),

i
(
φ(x)

)
, if y = i(x) ∈ i(X).

Then ψ is an injection from Y into Y \ {i(x0)}.

Proposition 1.3. A set X is infinite if and only if there exists an injection of N into X,
i.e. cardX ≥ cardN.

Proof. Let X be an infinite set. We show by induction that for every n ∈ N there exist (n+1)
distinct elements x0, . . . , xn ofX and an injection in ofX\{x0, . . . , xn} intoX\{x0, . . . , xn+1}
with xn+1 ∈ X \{x0, . . . , xn}. The result is true for n = 0 by the definition of an infinite set.
Assume it true for n. By Proposition 2.2 the set X \ {x0, . . . , xn} is infinite, which yields an
injection j from X \ {x0, . . . , xn} into X \ {x0, . . . , xn, xn+1} with xn+1 ∈ X \ {x0, . . . , xn}.
Then in+1 := j ◦ in is an injection from X \ {x0, . . . , xn} into X \ {x0, . . . , xn+1}. Finally, the
map N → X given by n 7→ xn is injective.

Conversely, the existence of an injection N → X implies that X is infinite by the previous
proposition, since N is itself infinite.

Remark 1.1. Proposition 1.3 can be reformulated equivalently as follows: a set X is finite
if and only if cardX < cardN.
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This expresses the fact that the sets equipotent to N are the “smallest” infinite sets in
the sense of cardinals.

Example 1.3. 1. R is infinite because N ⊂ R.

2. P(N) is infinite, since n 7→ {n} is an injection from N into P(N). However, we al-
ready observed that cardN < cardP(N). Therefore there are several—indeed infinitely
many—“classes” of infinite sets, the smallest of which consists of the sets equipotent to
N. It is this class that we will now study in more detail.

1.2 Countable sets

Definition 1.3. (a) A set X is said to be countable if there exists an injection of X into
N, i.e. cardX ≤ cardN.

(b) A set X is said to be countably infinite if X is equipotent to N, i.e. cardX = cardN.
We write ℵ0 1 for the countably infinite cardinal.

(c) If cardX > cardN, the set X is said to be uncountable (or sometimes infinitely un-
countable).

Thus N is obviously countably infinite, and P(N) is uncountable (see the example above).

Remark 1.2. By the Cantor–Bernstein theorem, a set X is countably infinite if and only if
it is infinite and countable (which ensures the coherence of the definition).

We immediately deduce from these definitions the following properties.

Proposition 1.4. (a) A set X is countable if and only if it is finite or countably infinite.

(b) Every subset of a countable set is countable.

(c) If X is infinite, Y is countable and X ⊂ Y , then Y is countably infinite.

Proof. (b) Let X ′ ⊂ X. The composite of the canonical injection of X ′ into X with an
injection of X into N is an injection of X ′ into N. Thus X ′ is countable.

(c) The set Y is infinite by Proposition 1.3, and by definition it is countable, hence
countably infinite.

Application 1.1. (a) Z is countably infinite.

(b) N2 is countably infinite.

(c) Q is countably infinite.

1ℵ (pronounced “aleph”) is the first letter of the Hebrew alphabet.
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Proof. (a) The map Φ defined by

Φ : N −→ Z, 2n 7−→ n, 2n− 1 7−→ −n,

is a bijection; therefore Z is equipotent to N.
(b) The map Φ defined by

Φ : N2 −→ N, (p, q) 7−→ Φ(p, q) :=
(p+ q)(p+ q + 1)

2
+ q,

is a bijection. This map Φ amounts to enumerating the pairs in N× N as they occur along
the path indicated in Figure 1.

(c) On the one hand N ⊂ Q, hence Q is infinite. On the other hand, every rational

number r can be written uniquely as r =
p

q
with (p, q) ∈ Z × N∗ and gcd(p, q) = 1 (the

canonical writing of 0 is therefore 0 =
0

1
). The map

Q −→ Z× N
p

q
7−→ (p, q)

is an injection. But Z×N is equipotent to N2, itself equipotent to N; therefore by composition
there exists an injection of Q into N.

Corollary 1.2. (a) For every d ≥ 1, the set Nd is countable.

(b) For every d ≥ 1, if the sets X1, . . . , Xd are countable, then the Cartesian product X1 ×
· · · × Xd is countable. Moreover, if all Xi are nonempty, X1 × · · · × Xd is countably
infinite as soon as one of the Xi is countably infinite.

Proof. We establish (b) directly by induction on d ≥ 2. Assume d = 2. Since X1 and X2 are
countable, there exist injections Φi of Xi into N, i ∈ {1, 2}. One checks immediately that

Φ : X1 ×X2 −→ N× N, Φ((x1, x2)) :=
(
Φ1(x1),Φ2(x2)

)
,

is injective. Hence X1 ×X2 is countable.
Suppose, for example, that X2 is countably infinite. Then X2 ≈ N, and we may assume

Φ2 is a bijection. Let x01 ∈ X1 be a fixed element of the nonempty set X1. The set N injects
into X1 ×X2 via

Ψ(n) = (x01,Φ
−1
2 (n)).

The passage from d to d+ 1 is obtained by noting first that

X1 × · · · ×Xd ×Xd+1 = (X1 × · · · ×Xd)×Xd+1.

Finally, after possibly reindexing the sets, we may always suppose that if one of the sets Xi

is countably infinite, then it is Xd+1.

Proposition 1.5. A countable union of countable sets is countable.
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Proof. Let X =
⋃

i∈I Xi, where I ⊂ N and each Xi is countable. For every i ∈ I fix an
injection φi : Xi → N. For each x ∈ X define the natural number n(x) := min{ i ∈ I ; x ∈
Xi }. The map

Φ : X −→ N2, Φ(x) :=
(
n(x), φn(x)(x)

)
,

is injective. Indeed, if x ̸= y then either n(x) ̸= n(y) and Φ(x) ̸= Φ(y), or n(x) = n(y) = n,
in which case x, y ∈ Xn and φn(x) ̸= φn(y) because φn is injective, hence again Φ(x) ̸= Φ(y).
Consequently X is countable.

Figure 1: Denumerability of N× N (pairs are listed along successive diagonals).

Remark 1.3. If one of the Xi is countably infinite, then X is also countably infinite by
Proposition 1.4(c).

We now prove the following key theorem.

Theorem 1.2. The set R is uncountable. More precisely, cardR = cardP(N).

Proof. Let Φ : {0, 1}N −→ [0, 1
2
] be defined by

Φ
(
(xn)n≥0

)
=

+∞∑
n=0

xn
3n+1

.

The map Φ is injective. Indeed, if (xn)n≥0 ̸= (yn)n≥0 and ℓ := min{n ; xn ̸= yn } is finite,
then ∣∣Φ(x)− Φ(y)

∣∣ ≥ 1

3ℓ+1
−

+∞∑
n=ℓ+1

1

3n+1
=

1

2 · 3ℓ+1
> 0.

Therefore P(N), which is equipotent to {0, 1}N, injects into the interval [0, 1
2
] via Φ. Since

[0, 1
2
] in turn injects into R via the canonical inclusion, it follows that

cardN < cardP(N) ≤ cardR.
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At this stage P(N) being uncountable, it is immediate that the same holds for R.
To establish the equality cardR = cardP(N), we first use the bijection

φ : R −→ ]0, 1[, x 7−→ ex

1 + ex
.

It follows that
card[0, 1] ≤ cardR = card ]0, 1[≤ card[0, 1[,

and hence cardR = card[0, 1[.
Now define Ψ : [0, 1[ −→ {0, 1}N by Ψ(x) := (xn)n∈N where

x0 := ⌊2x⌋, xn :=

⌊
2n+1

(
x−

n−1∑
k=0

xk
2 k+1

)⌋
, n ≥ 1.

(Here ⌊·⌋ denotes the integer part.) Then Ψ(x) is the proper dyadic expansion of x, and we
have the equality

x =
+∞∑
n=0

xn
2n+1

,

which in turn implies the injectivity of Ψ. Therefore

cardR = card[0, 1[ ≤ card{0, 1}N = cardP(N).

We conclude that cardR = cardP(N), which completes the proof.
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2 Some complements of topology

These few reminders and complements cannot in any way replace a course in general topology
or in metric structures. Only the notions that are absolutely indispensable in measure theory
and in integration are covered: the completed line R, the upper and lower limits, separability
and countable bases of open sets, and finally the distance-to-a-set functions. Conversely,
basic notions such as the adherence (closure) or interior of a set, compactness—of which
abundant use will be made later on—are neither developed nor even redefined here. In case
of doubt or omission, one should turn to a textbook in general topology or, more simply, in
metric structures.

2.1 The completed line

The completed line, generally denoted by R, is an ordered metric space meeting three essen-
tial requirements:

• it is a superset of R that is as “small” as possible in the sense of inclusion;

• it is compact and totally ordered;

• it is compatible with the real line in the sense that the order and the topology on R, when
restricted to R, coincide with the natural order on R and with the topology associated
with the absolute-value metric.

There are several ways to proceed which, more or less, all amount to constructing a
homeomorphism between R and some open interval of R that one then extends suitably.
Consider, for example, the map

f : R −→ (−1, 1), x 7−→ x√
x2 + 1

.

The function f is clearly a homeomorphism between R and (−1, 1) (its inverse f−1(y) :=
y√

1− y2
is indeed continuous). Now, since the open interval (−1, 1) has [−1, 1] as its closure

in R, the idea to build R is to add two elements, denoted −∞ and +∞, to R so as to make
them the preimages of −1 and 1 under an extension f̃ of f to R.

We therefore set

R := R ∪ {+∞,−∞}, f̃
∣∣
R := f, f̃(−∞) := −1, f̃(+∞) := 1. (1)

What remains—and this is the most important part—is to define on R a total order,
denoted ≤, and a distance δ.

Order on R.{
(i) the usual order on R, i.e. x ≤ y iff y − x ∈ R+ for x, y ∈ R,
(ii) for all x ∈ R \ R : −∞ ≤ x ≤ +∞.
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Distance on R.
∀x, y ∈ R, δ(x, y) :=

∣∣f̃(x)− f̃(y)
∣∣. (2)

The next proposition shows that the desired goal is achieved.

Proposition 2.1. (a) The binary relation ≤ is a total order on R, for which every nonempty
subset has a least upper bound and a greatest lower bound, and δ is a distance on R.

(b) The identity map Id : (R, δ
∣∣
R) → (R, | · |) is a homeomorphism.

(c) The space (R, δ) is compact, homeomorphic to the interval [−1, 1], and R is open in R.
There exists a homeomorphism compatible with the orders on R and [−1, 1]; this is the
case for the map f̃ defined by (1).

Proof. • (a) That ≤ is a total order is immediate. Moreover, any nonempty subset of R
is either bounded above in R and thus has a least upper bound in R, or not bounded
above in R and then admits +∞ as an upper bound in R; similarly for the greatest
lower bound. As for the distance, it suffices to note that f̃ is injective from R into
[−1, 1] because f maps R into (−1, 1). This ensures that δ(x, y) = 0 if and only if
x = y.

• (b) In view of the definition of δ on R, the bi-continuity of the identity between δ and
| · | consists simply in showing that f is a homeomorphism between R and (−1, 1). This
was established at the beginning of the subsection. The topology induced by δ on R
thus coincides, on R, with the one defined by the absolute value.

• (c) The map f̃ is clearly a strictly increasing bijection between R and [−1, 1]. Finally,
for all x, y ∈ R,

|f̃(x)− f̃(y)| = δ(x, y),

so f̃ is an isometry; hence it is a homeomorphism.

It follows immediately that R = f̃−1([−1, 1]) is a compact interval since the inverse map
f̃−1 is continuous. Finally, R, being the inverse image of (−1, 1) under the continuous map
f̃ , is open in R.

From point (b) we immediately obtain the following corollary, where Oδ(X) denotes the
family of open sets of the topology on X defined by the distance d (see § 2.3 just below).

Corollary 2.1.
Oδ(R) ∩ R = O|·|(R).

Proof. Indeed, if i : R ↪→ R denotes the canonical injection, then for every O ∈ O(R) one
has i−1(O) = O∩R ∈ O(R). Conversely, since R is open in R, every open set O of R is open
in R; it is therefore the trace on R of itself.
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2.2 Upper and lower limits

From now on, R is endowed with the distance δ defined by (2), which is compatible with the
order on R and makes it a compact metric space.

Definition 2.1. Let (xn)n∈N be a sequence of elements of R. We define the upper limit of
the sequence (xn)n∈N by

lim sup
n→∞

xn := inf
n≥0

(
sup
k≥n

xk

)
∈ R,

and the lower limit of the sequence (xn)n∈N by

lim inf
n→∞

xn := sup
n≥0

(
inf
k≥n

xk

)
∈ R.

Remark 2.1. Since every monotone sequence of R converges, we immediately have

lim sup
n→∞

xn =
↓

lim
n→∞

(
sup
k≥n

xk

)
and lim inf

n→∞
xn =

↑
lim
n→∞

(
inf
k≥n

xk

)
.

The following result links upper and lower limits with monotonicity and continuity; it
will be useful later.

Proposition 2.2. Let (xn)n∈N be a sequence of elements of R, and let f : R → R be a
monotone and continuous function. Then

f

(
lim sup

n
xn

)
= lim sup

n
f(xn) and f

(
lim inf

n
xn

)
= lim inf

n
f(xn) if f is increasing,

f

(
lim sup

n
xn

)
= lim inf

n
f(xn) and f

(
lim inf

n
xn

)
= lim sup

n
f(xn) if f is decreasing.

Proof. We treat the case of the upper limit when f is increasing; the other cases are similar.
Set yn := supk≥n xk, n ∈ N. The monotonicity of f implies f(yn) ≥ supk≥n f(xk). Moreover,
by the definition of the least upper bound, there exists a subsequence (xφ(k)) extracted from

(xk)k≥n that converges to yn in R (with n fixed). Hence f(yn) = limk f(xφ(k)) ≤ supk≥n f(xk)
by continuity of f . Thus f(yn) = supk≥n f(xk). Again by the continuity of f we have

lim
n
f(xn) =

↓
lim
n

sup
k≥n

f(xk) =
↓

lim
n
f(yn) = f

(
↓

lim
n
yn

)
= f

(
lim sup

n
xn

)
,

which yields the desired equality.

The interest of upper and lower limits lies essentially in the following result.

Proposition 2.3. Let (xn)n∈N be a sequence of elements of R. Then lim supn xn and
lim infn xn are respectively the largest and the smallest cluster values of the sequence (xn)n∈N
in R. Moreover,

(xn)n∈N converges in R ⇐⇒ lim sup
n

xn = lim inf
n

xn.
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Proof. Since (R, δ) is compact, the sequence (xn) has a cluster value (by the Bolzano–
Weierstrass theorem). Let ℓ be a cluster value of (xn). There exists a subsequence (xφ(n))

converging to ℓ in (R, δ). Given that xφ(n) ≤ supk≥φ(n) xk, and the right side decreases to

lim supn xn, we obtain (by the compatibility of the topology and the order on R) that

ℓ ≤ lim sup
n

xn.

We now show that ℓ+ := lim supn xn is itself a cluster value of (xn). By the characterization
of a cluster value in a metric space, this means:

∀ε > 0, ∀N ∈ N, ∃n ≥ N such that δ(xn, ℓ+) ≤ ε.

Set yn := f̃(xn) ∈ [−1, 1], n ∈ N, where f̃ is defined in (1). By Proposition 2 (i.e. by (2))
and Proposition 2.2, we have lim↓

n yn = f̃(ℓ+) because f̃ is increasing and continuous on
R. Consequently, the sequence with general term zn := supk≥n yk decreases to f̃(ℓ+). Let

ε > 0 and N ∈ N. There exists n0 ≥ N such that, for all n ≥ n0, f̃(ℓ+) ≤ zn ≤ f̃(ℓ+) + ε.
Moreover, by the definition of the supremum, there exists n ≥ n0 such that yn ≤ zn ≤ yn+ε.
Hence we can choose n ≥ N so that

f̃(ℓ+)− ε ≤ zn − ε ≤ yn ≤ zn ≤ f̃(ℓ+) + ε,

which implies δ(xn, ℓ+) = |yn − f̃(ℓ+)| ≤ ε. An equivalent result holds for the lower limit
upon noting that

lim inf
n

xn = − lim sup
n

(−xn).

Finally, since (R, δ) is compact, the sequence (xn) converges if and only if it admits a unique
cluster value; that is, iff lim supn xn = lim infn xn.

We end this subsection with two properties of upper and lower limits, relative to the
operations + and ×.

Proposition 2.4. (a) Let (xn)n∈N and (yn)n∈N be two sequences in R which are simulta-
neously bounded above in [−∞,+∞[ (or simultaneously bounded below in ] −∞,+∞]).
Then

lim sup
n

(xn+yn) ≤ lim sup
n

xn+lim sup
n

yn, lim inf
n

(xn+yn) ≥ lim inf
n

xn+lim inf
n

yn.

(b) Let (xn)n∈N and (yn)n∈N be two sequences in R+, simultaneously bounded above in R+ (or
simultaneously bounded below in ]0,+∞]). Then

lim sup
n

(xnyn) ≤
(
lim sup

n
xn
)(
lim sup

n
yn
)
, lim inf

n
(xnyn) ≥

(
lim inf

n
xn
)(
lim inf

n
yn
)
.

Proof. • (a) follows from the estimates

sup
k≥n

(xk + yk) ≤ sup
k≥n

xk + sup
k≥n

yk, inf
k≥n

(xk + yk) ≥ inf
k≥n

xk + inf
k≥n

yk.

• (b) is obtained by applying (a) to the sequences ln(xn) and ln(yn)—with the conven-
tions ln(0) = −∞ and ln(+∞) = +∞—and then applying Proposition 2.2 successively
to the functions ln and exp.
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2.3 Topology on a set. Metric space

Definition 2.2. (a) A topology on a set X is a family O(X) of subsets of X satisfying

(i) ∅ and X belong to O(X);

(ii) for every n ∈ N∗, if O1, . . . , On ∈ O(X) then
n⋂

i=1

Oi ∈ O(X) [stability under finite

intersections];

(iii) for any index set I, if Oi ∈ O(X) for every i ∈ I, then
⋃
i∈I

Oi ∈ O(X) [stability

under arbitrary unions].

(b) The elements of O(X) are called the open sets of X. The complements of open sets are
called closed sets.

(c) A topology is separated (Hausdorff) if two distinct points of X belong to two disjoint
open sets.

Example 2.1 (from the metric case). If (X, d) is a metric space,2 the topology on X
associated with d is given by the family of open sets

Od(X) :=

{ ⋃
i∈I

B̊(xi, ri) , xi ∈ X, ri ∈ R∗
+, I arbitrary

}
,

where B̊(x, r) = { y ∈ X : d(x, y) < r }. One checks that this family satisfies the axioms of
a separated topology. Moreover, it is clear that, in this framework,

O ∈ Od(X) ⇐⇒ ∀x ∈ O, ∃rx > 0 such that B̊(x, rx) ⊂ O.

2.4 Countable base of open sets; separability

Definition 2.3. (a) A topological space (X,O(X)) is said to have a countable base of open
sets if there exists a countable family of nonempty open sets {ωn, n ≥ 1} such that

∀O ∈ O(X), ∃I ⊂ N with O =
⋃
n∈I

ωn.

(b) A metric space (X, d) is separable if it contains a dense sequence (xn)n∈N.
3

Proposition 2.5. A metric space is separable if and only if it has a countable base of open
sets.

2Recall that a distance is a map d : X × X → R+ such that: d(x, y) = 0 iff x = y; d(x, y) = d(y, x);
d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

3Recall that a sequence (xn) is dense in X if, for every x ∈ X, there exists an extracted subsequence
(xφ(n)) such that d(xφ(n), x) → 0.

13



Proof. (⇒) One verifies that a countable base of open sets is made of the balls {B̊(xn, r) :
n ∈ N, r ∈ Q∗

+}, where (xn) is a dense sequence. Indeed, for every open set O ⊂ X,

O =
⋃

B̊(xn,r)⊂O

B̊(xn, r).

As for the countability of N × Q∗
+, it follows from the results on cardinals established in

Chapter 2.
(⇐) Let (ωn)n∈N be a countable base of open sets. It is immediate that any sequence

(xn) with xn ∈ ωn is dense.

2.5 Examples of topology constructions

2.5.1 Induced topology

Definition 2.4. Let (X,O(X)) be a topological space and let Y ⊂ X be a subset of X.
The induced topology (by that of X) on Y is defined by

O(Y ) := {O ∩ Y ; O ∈ O(X) }.

Note that if i : Y ↪→ X denotes the canonical injection, then

O(Y ) = { i−1(O), O ∈ O(X) } = i−1
(
O(X)

)
.

Moreover, a topology induced by a separated topology is itself separated.

Metric case. If the topology on X is the metric topology relative to a distance d, one checks
immediately that O(Y ) = O d|Y (Y ), where d|Y denotes the restriction to Y of the distance
d.

Induced topology and separability. If (X, d) is separable, it has a countable base of open sets.
By the very definition of the induced topology, if (ωn)n∈N is a countable base of open sets of
X, then (ωn ∩ Y )n∈N is a countable base of open sets of Y , hence (Y, d) is separable.

2.5.2 Product topology

Definition 2.5. If (X,O(X)) and (Y,O(Y )) are two topological spaces, the product topology
on X × Y is defined by the family of open sets

O(X × Y ) :=

{ ⋃
i∈I

(
Oi × Ωi

)
, Oi ∈ O(X), Ωi ∈ O(Y ), I arbitrary

}
.

Remarks.

• The product topology arising from two separated topologies is itself separated.

• The product topology onX×Y is the smallest topology onX×Y that makes the canonical
projections πX and πY continuous from X × Y to the topological spaces (X,O(X)) and
(Y,O(Y )) respectively.

14



If the topologies on X and Y are metric relative to distances d and δ, one verifies imme-
diately that O(X × Y ) is also the topology associated with the usual distances on X × Y ,
such as

D1

(
(x, y), (x′, y′)

)
:= d(x, x′) + δ(y, y′),

Dp

(
(x, y), (x′, y′)

)
:=
(
(d(x, x′)p + δ(y, y′)p

)1/p
, p ∈ [1,+∞[,

D∞
(
(x, y), (x′, y′)

)
:= max{ d(x, x′), δ(y, y′) },

and many other distances on X × Y define this same product topology.

Proposition 2.6. (a) If (X,O(X)) and (Y,O(Y )) each have a countable base of open sets,
then (X × Y,O(X × Y )) has a countable base of open sets.

(b) If (X, d) and (Y, δ) are separable, then X×Y is separable for all (topologically) equivalent
distances defining the product topology, e.g. the Dp, p ∈ [1,+∞[.

Proof. • (a) Let UX := {Un, n ≥ 1} and UY := {Vn, n ≥ 1} be countable bases of
open sets for X and Y , respectively. Then the countable family UX × UY := {Un ×
Vm, (n,m) ∈ N2} is a base of open sets for O(X × Y ). Indeed, if O ∈ O(X × Y ) and
z = (x, y) ∈ O =

⋃
i∈I Oi × Ωi, there exists iz ∈ I such that (x, y) ∈ Oiz × Ωiz ; by

definition of the bases UX and UY , there exist integers nx and my such that x ∈ Unx ⊂
Oiz and y ∈ Vmy ⊂ Ωiz . Finally,

O =
⋃

(x,y)∈O

Unx × Vmy =
⋃

(n,m)∈LO

Un × Vm,

where LO := {(nx,my), (x, y) ∈ O} ⊂ N2.

• (b) This point is an immediate corollary of (a) and Proposition 2.5. One can also
proceed directly: if {xn, n ≥ 1} and {yn, n ≥ 1} are dense sequences in (X, d) and
(Y, δ), then by the very definition of the distances Dp, the set {(xn, ym), n,m ≥ 1} is
dense in (X × Y,Dp).

2.6 Distance from a point to a set

Definition 2.6. Let (X, d) be a metric space and let A be a nonempty subset of X. For
every x ∈ X we define the distance from x to A by

d(x,A) := inf
a∈A

d(x, a) ∈ [0,+∞[ .

These functions arise very often in measure theory, for they provide an efficient way to
approximate indicator functions of sets by continuous functions.

Proposition 2.7. (a) For every nonempty subset A of X, the map x 7→ d(x,A), with values
in R+, is 1-Lipschitz with respect to the distance d, i.e.

∀x, y ∈ X, | d(x,A)− d(y,A) | ≤ d(x, y).

15



(b) The set {x ∈ X : d(x,A) = 0} is equal to A (the closure of A in X).

Proof. • (a) For any z ∈ A, d(x,A) ≤ d(x, z) ≤ d(x, y)+d(y, z). Hence d(x,A)−d(y, A)
is a lower bound of {d(y, z), z ∈ A}. Therefore d(x,A)−d(y, A) ≤ d(y,A), and finally
d(x,A) − d(y,A) ≤ d(x, y). Since the roles of x and y are symmetric, the inequality
holds in absolute value.

• (b) Since d(x,A) is always nonnegative, it follows from the definition of the infi-
mum that d(x,A) = 0 if and only if there exists a sequence (an)n∈N in A such that
limn d(x, an) = 0. The result follows, by the definition of the adherence (closure) of A
in a metric space.

Other properties of these functions will be established as needed, but all of them rely on
Proposition 2.7.
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3 Sigma-algebras of subsets of a set

3.1 Set-theoretic preliminaries

In this preliminary paragraph we collect the results concerning the handling of sets and
functions that prove absolutely indispensable for measure theory and integration. They are
essentially reminders.

• (a) Let X be a set, P(X) its power set, and let A,B ∈ P(X). We write

A ∪B := {x ∈ X : x ∈ A or x ∈ B},
A ∩B := {x ∈ X : x ∈ A and x ∈ B},

cA := {x ∈ X : x /∈ A},
A \B := {x ∈ X : x ∈ A and x /∈ B} = A ∩ cB,

A△B := {x ∈ X : x ∈ A ∪B and x /∈ A ∩B}
= (A ∪B) \ (A ∩B) = (A \B) ∪ (B \ A).

• (b) Let f : X → Y , Ai ⊂ X, Bi ⊂ Y , i ∈ I (I any index set). With f we canonically
associate the set-maps “direct image” fd and “inverse image” f−1

r defined by

fd : P(X) −→ P(Y ), A 7−→ fd(A) := {f(x) : x ∈ A},
f−1
r : P(Y ) −→ P(X), B 7−→ f−1

r (B) := {x ∈ X : f(x) ∈ B}.

(For simplicity, and despite the risk of confusion, we almost always write f instead of
fd and f−1 instead of f−1

r .)

These set-maps fd and f
−1
r satisfy Hausdorff’s formulas: if (Ai)i∈I is a family of subsets

of X and (Bj)j∈J a family of subsets of Y (I and J assumed nonempty), then

fd

(⋃
i∈I

Ai

)
=
⋃
i∈I

fd(Ai),

fd

(⋂
i∈I

Ai

)
⊂
⋂
i∈I

fd(Ai) (with equality if f is injective),

f−1
r

(⋃
j∈J

Bj

)
=
⋃
j∈J

f−1
r (Bj),

f−1
r

(⋂
j∈J

Bj

)
=
⋂
j∈J

f−1
r (Bj),

cf−1
r (B) = f−1

r (cB).

Finally, when f is bijective there is a simple link between the set-map f−1
r and the

reciprocal f−1 of f : for every subset B of Y ,

f−1
r (B) = { f−1(b) : b ∈ B }.
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Notation 3.1. If C ⊂ P(Y ) is a family of subsets of Y , we extend the notation by

f−1(C ) := { f−1(C) : C ∈ C } ⊂ P(X).

• (c) Let (An)n≥1 be a (countable) sequence of subsets. We define the “upper” and
“lower” limits of An by

lim sup
n

An :=
⋂
n≥1

⋃
k≥n

Ak = {x ∈ X : ∀n ≥ 1, ∃k ≥ n with x ∈ Ak }

= {x ∈ X : x ∈ Ak infinitely often },

lim inf
n

An :=
⋃
n≥1

⋂
k≥n

Ak = {x ∈ X : ∃n ≥ 1, ∀k ≥ n, x ∈ Ak }

= {x ∈ X : x ∈ Ak from some rank on }.

One checks immediately that lim infnAn ⊂ lim supnAn, and one speaks of the limit
limnAn in case of equality between lim infnAn and lim supnAn. Moreover, if (An)n≥1

is increasing (resp. decreasing) for inclusion, then

lim
n
An = lim inf

n
An =

⋃
n≥1

An (resp. lim
n
An = lim sup

n
An =

⋂
n≥1

An).

• (d) De Morgan’s laws: c
(⋂

i∈I Ai

)
=
⋃

i∈I
cAi and

c
(⋃

i∈I Ai

)
=
⋂

i∈I
cAi. Hence

c
(
lim supnAn

)
= lim infn

cAn,
c
(
lim infnAn

)
= lim supn

cAn.

3.2 Sigma-algebra and Borel sigma-algebra

Definition 3.1. • (a) Let X be a set. A sigma-algebra (or σ-algebra) on X is any family
A of subsets of X satisfying:

(i) ∅ ∈ A;

(ii) if A ∈ A then cA ∈ A [stability under complement];

(iii) if (An)n≥1 ∈ AN∗ then
⋃
n≥1

An ∈ A [stability under countable union].

• (b) The pair (X,A) is called a measurable space (in the sense “susceptible of receiving
a measure”).

Remark 3.1. Condition (iii) entails stability of A under finite unions. Indeed, fixing n0,
set An = ∅ for n > n0.

Example 3.1 (sigma-algebras). 1. A := {∅, X}, the coarse sigma-algebra.

2. A := P(X), the trivial sigma-algebra.
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3. For fixed A ⊂ X, A := {∅, X,A, cA}: the smallest sigma-algebra containing the subset
A.

4. If X =
⋃

i∈I Xi, with I nonempty, finite or countably infinite, and Xi ∩Xj = ∅ for i ̸= j
(so the Xi form a partition of X), then

A :=
{ ⋃

j∈J

Xj, J ⊂ I
}

is a sigma-algebra.

5. A := {A ∈ P(X) : A countable or cA countable}. The only axiom to verify is (iii). Let
(An)n≥1 be a sequence in A. If all An are countable, then so is their union (see Proposi-
tion 3.5 of Chapter 2). If one of the An, say An0 , is not countable, then its complement
is. Consequently c

(⋃
nAn

)
=
⋂

n
cAn ⊂ cAn0 is necessarily countable. Moreover, one

can show that A ̸= P(X) if and only if X has a non-denumerable infinite cardinal (a
noticeably less trivial result beyond the scope of this book).

6. If (Ai)i∈I is any family of sigma-algebras on X, I ̸= ∅, then A :=
⋂
i∈I

Ai is a sigma-

algebra.

Properties 3.1. Let A be a sigma-algebra on X.

(a) X ∈ A.

(b) If An ∈ A for every n ∈ N, then
⋂
n∈N

An ∈ A [stability under countable intersections by

taking An := X for n > n0].

(c) If A,B ∈ A, then A \B = A ∩ cB ∈ A.

(d) If A,B ∈ A, then A△B := (A \B) ∪ (B \ A) ∈ A.

(e) If An ∈ A for all n, then lim supnAn ∈ A and lim infnAn ∈ A.

Proof. • (a) X = c∅ ∈ A.

• (b) c
(⋂

n∈NAn

)
=
⋃

n∈N
cAn ∈ A. The points (c), (d), and (e) are immediate.

Remark 3.2 (Counterexample). If X is a topological space4 (or simply metric), the family
O(X) := {O ⊂ P(X) : O open in X} is in general not a sigma-algebra because axiom
(ii) fails: if O is open, then cO is in general not open. For instance, R∗ ∈ O(R) but
cR∗ = R+ /∈ O(R).

Proposition 3.1. Definition.

4See Section 2.3.
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• (a) Let C ⊂ P(X) be a family of subsets of X. There exists a smallest sigma-algebra
(with respect to inclusion) containing C . We denote it σ(C ): the sigma-algebra gen-
erated by C .

• (b) If T is a sigma-algebra, then σ(T ) = T .

• (c) If C ⊂ F , then σ(C ) ⊂ σ(F ). In particular, if C ⊂ T and T is a sigma-algebra,
then σ(C ) ⊂ T .

Proof.

• (a) Consider

σ(C ) :=
⋂

T sigma-algebra, C⊂T

T .

Since P(X) is a sigma-algebra containing C , the index set is nonempty; by Examples
above, σ(C ) is indeed a sigma-algebra and is obviously the smallest one. The points
(b) and (c) follow immediately from the definition of a generated sigma-algebra.

Example 3.2. 1. If A ⊂ P(X), A ̸= X, A ̸= ∅ fixed, the sigma-algebra generated by
C := {A} is A = {∅, X,A, cA}.

2. The sigma-algebra generated by the singletons, i.e. C := {{x} : x ∈ X}, is precisely

A := {A ∈ P(X) : A countable or cA countable}.

Definition 3.2. Let (X,O(X)) be a topological space. The Borel sigma-algebra of X, also
called the sigma-algebra of Borel sets of X, is

B(X) := σ
(
O(X)

)
.

Remark 3.3. • It is immediate that B(X) = σ({F ∈ P(X) : F closed}).

• In general B(X) ̸= P(X); notably when X = R. This delicate result can be proved by
cardinality arguments: indeed B(R) and R are equipotent, hence

cardB(R) = cardR < cardP(R)

(see Proposition 2.1).

One can also proceed directly by exhibiting, with the aid of the axiom of choice, a non-
Borel set in the future.

Borel sets of a topological space with a countable base of opens. A topological space (or
simply metric) (X,O(X)) is said to have a countable base of open sets if there exists a
family (ωn)n∈N of opens of X such that

∀O ∈ O(X), ∃I ⊂ N, O =
⋃
i∈I

ωi.
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Thus a metric space (X, d) is separable, i.e. contains a dense sequence (xn)n∈N,
5 and has a

countable base of opens since{
B̊(xn, r), n ∈ N, r ∈ Q∗

+

}
[since N×Q∗

+ is denumerable]

is such a base (see also Section 2.3 for more details).
From the stability of a sigma-algebra under countable union (axiom (iii)) and from the

definition of a Borel sigma-algebra we immediately deduce:

Proposition 3.2. Let X be a topological space possessing a countable base (ωn)n∈N of open
sets. Then B(X) = σ

(
{ωn, n ∈ N}

)
.

Application 3.1. We work on the real line X = R. Every interval I ⊂ R is Borel in R since
one can always write it as the union of an open interval and at most two singletons (closed).
Conversely, certain families of intervals generate the Borel sigma-algebra. Thus

B(R) = σ
(
{[a,+∞[, a ∈ Q}

)
= σ

(
{]a,+∞[, a ∈ Q}

)
= σ

(
{]−∞, a], a ∈ Q}

)
= σ

(
{]−∞, a[, a ∈ Q}

)
.

Proof. Since Q is dense in R,

{]α, β[, α, β ∈ Q, α < β}

is a countable base of opens of R. Hence

B(R) = σ
(
{]α, β[, α, β ∈ Q, α < β}

)
.

But ]α, β[= [α,+∞[∩]−∞, β[ and

]α, β[=
⋃
n≥1

[α + 1/n,+∞[∩]−∞, β[,

so σ({[a,+∞[, a ∈ Q}) ⊃ σ({]α, β[, α, β ∈ Q, α < β}) = B(R). The reverse inclusion is
immediate since the sets [α,+∞[ are closed in R. The other equalities are analogous.

3.3 Other examples of sigma-algebras

3.3.1 Inverse-image sigma-algebra

Proposition 3.3. Let f : X → Y and B a sigma-algebra on Y . Then

A := { f−1(B) : B ∈ B }

is a sigma-algebra on X.

5In the sense that for every x ∈ X there exists a subsequence xφ(n) → x as n → +∞.
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Proof. The result follows from the “reciprocal” Hausdorff formulas recalled at the beginning
of this chapter:

c
(
f−1(B)

)
= f−1(cB) ∈ A,

⋃
n∈N

f−1(Bn) = f−1
(⋃
n∈N

Bn

)
∈ A.

Definition 3.3. The sigma-algebra { f−1(B), B ∈ B } is called the inverse-image sigma-
algebra (understood “of B by f”). We denote it f−1(B) or σ(f).

Example 3.3. 1. Trace sigma-algebra. If Y ⊂ X and i : Y → (X,A) is the inclusion, then
i−1(A) = {A ∩ Y, A ∈ A}: the trace sigma-algebra of A on Y . If Y ∈ A, then i−1(A) ⊂ A.

2. Band sigma-algebra. Let π : X × Y → (X,A) be the canonical projection onto X.
The band sigma-algebra is π−1(A) = {A× Y, A ∈ A}.

3.3.2 Image sigma-algebra

The terminology is misleading: if f : X → Y is a map and A a sigma-algebra on X, then
{f(A), A ∈ A} is not in general a sigma-algebra on Y .

Definition 3.4. Let f : X → Y and A a sigma-algebra on X. The image sigma-algebra of
A by f is the sigma-algebra on Y defined by

B := {B ∈ P(Y ) : f−1(B) ∈ A}.

The family B is clearly a sigma-algebra via the “reciprocal” Hausdorff formulas.

3.4 Transport lemma

The following proposition is known as the transport lemma.

Proposition 3.4. Let f : X → Y and C ⊂ P(Y ). Then

σ
(
f−1(C )

)
= f−1

(
σ(C )

)
[both are sigma-algebras on X].

Proof. We prove the double inclusion.
⊂: f−1(C ) ⊂ f−1(σ(C )) hence σ

(
f−1(C )

)
⊂ f−1(σ(C )) (both sigma-algebras by Proposi-

tion 3.3)
⊃: Consider B the image sigma-algebra of σ

(
f−1(C )

)
by f , i.e.

B := {B ∈ P(Y ) : f−1(B) ∈ σ
(
f−1(C )

)
}.

Then C ⊂ B, hence σ(C ) ⊂ B and so f−1
(
σ(C )

)
⊂ f−1(B) ⊂ σ

(
f−1(C )

)
by the very

definition of B.

Remark 3.4. The statement is easy to retain; the main difficulty lies in understanding the
meaning of the two terms.

22



Proposition 3.5. • (a) If X is a metric space and Y ⊂ X is equipped with the induced
distance, then

B(Y ) = {A ∩ Y, A ∈ B(X) }.

• (b) Moreover, B(Y ) ⊂ B(X) if and only if Y ∈ B(X). In this case,

B(Y ) = {A ∈ B(X) : A ⊂ Y }.

Proof. • (a) If i : Y ↪→ X denotes the canonical inclusion, then O(Y ) := {O ∩ Y, O ∈
O(X)} = i−1

(
O(X)

)
, hence

B(Y ) = σ
(
i−1(O(X))

)
= i−1

(
σ(O(X))

)
= i−1

(
B(X)

)
= {A ∩ Y, A ∈ B(X)}

by the transport lemma (by Proposition 3.4).

• (b) is immediate since a sigma-algebra is stable under finite intersection.

Application 3.2. • (a) Borel sets of some usual Borel subsets of R. B(R+) = {A ∈
B(R) : A ⊂ R+} since R+ is closed in R and hence Borel; likewise B(R∗) = {A ∈
B(R) : 0 /∈ A}, etc.

• (b) Borel sets of R. If X = R and Y = R, we are exactly in the setting of Proposi-
tion 3.5 as shown by Corollary 3.1. We deduce

B(R) ⊂ {A, A ∪ {+∞}, A ∪ {−∞}, A ∪ {±∞} : A ∈ B(R) }.

Conversely, the sets {+∞}, {−∞}, {±∞} are finite and thus closed in R and therefore
Borel. Also, by Proposition 3.5, B(R) ⊂ B(R) since R ∈ O(R) ⊂ B(R). We obtain a
first characterization:

B(R) = {A, A ∪ {+∞}, A ∪ {−∞}, A ∪ {±∞} : A ∈ B(R) }. (3)

As on R, the sigma-algebra B(R) is generated by the (generalized) intervals [a,+∞],
a ∈ R, i.e.

B(R) = σ
(
{[a,+∞], a ∈ R}

)
= σ

(
{[a,+∞], a ∈ Q}

)
. (4)

Let T := σ({[a,+∞], a ∈ Q}). Since the generalized intervals [a,+∞] are closed in
R, hence Borel, clearly T ⊂ B(R). Moreover,

{+∞} =
⋂
n≥1

[n,+∞] ∈ T , {−∞} = c
(⋃
n≥1

[−n,+∞]
)
∈ T .

Thus R = R \ {±∞} ∈ T , so if i denotes the canonical injection of R into R, then
i−1(T ) ⊂ T (see Example 1). The transport lemma yields

i−1(T ) = σ
(
{ i−1([a,+∞]), a ∈ Q }

)
= σ

(
{[a,+∞[, a ∈ Q}

)
= B(R).

Consequently B(R) ⊂ T , hence by (3) we conclude B(R) ⊂ T . The reverse inclusion is
already shown, so (4) holds. The equality B(R) = σ({]a,+∞], a ∈ Q}) is analogous.
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4 Measurable functions

In the theory of Lebesgue integration, measurable functions (with real or complex values)
will largely play the role assigned to Riemann integrable functions in elementary theory.

4.1 Definitions

Definition 4.1. • (a) Let (X,A ) and (Y,B) be two measurable spaces. A function f :
(X,A ) → (Y,B) is (A ,B)-measurable (or simply measurable) if ∀B ∈ B, f−1(B) ∈
A .

• (b) If X and Y are metric spaces (or more generally topological spaces) equipped with
their respective Borel σ-algebras A := B(X) and B := B(Y ), we then speak of Borel
functions.

Remark 4.1. • The measurability of f can be expressed using the image σ-algebra via
the inclusion f−1(B) ⊂ A . The σ-algebra f−1(B) is thus the smallest σ-algebra on
X making the function f measurable; hence, by analogy with the notion of generated
σ-algebra, the notation σ(f).

• In common applications, Y := R,R+,C,R or Rd and is equipped with its Borel σ-
algebra. We will then often omit to indicate it explicitly.

• If A ⊂ X, we define the indicator (or characteristic function) of A by

1A : (X,A ) −→ ({0, 1},P({0, 1})), x 7→

{
1 if x ∈ A,

0 if x /∈ A.

We note that the function 1A is measurable if and only if A ∈ A .

Notation 4.1. Very often, we will adopt the notation {f ∈ B} instead of f−1(B) := {x ∈
X : f(x) ∈ B}. Thus {f ≥ b} denotes f−1([b,+∞[), {f = b} denotes f−1({b}), etc.,
depending on the problem.

Example 4.1. Every constant function f : (X,A ) → (Y,B) is measurable. Indeed, if
f(x) = y0 for all x ∈ X, it is clear that f−1(B) = X or ∅ depending on whether y0 ∈ B or
y0 /∈ B.

Proposition 4.1. Let f : (X,A ) → (Y,B) with B = σ(E ) where E denotes a family of
subsets of Y . Then

f is measurable if and only if f−1(E ) ⊂ A

(in the sense: ∀B ∈ E , f−1(B) ∈ A ).

Proof. The function f is measurable iff f−1(B) ⊂ A . Now f−1(B) = f−1(σ(E )) =
σ(f−1(E )) by the transport lemma. Thus f is measurable iff σ(f−1(E )) ⊂ A , or equiv-
alently f−1(E ) ⊂ A , since A is a σ-algebra.
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Application 4.1. • (a) f : (X,A ) → (R,B(R)) or (R,B(R)) is measurable if and only
if

∀a ∈ R, {f ≥ a} = {x ∈ X : f(x) ≥ a} ∈ A .

• (b) More generally, if Y is a topological space, the application f : (X,A ) → (Y,B(Y ))
is measurable if and only if

∀O ∈ O(Y ), f−1(O) ∈ A .

• (c) In particular, if X and Y are metric spaces (or even topological spaces), every
continuous function from X to Y is Borel measurable.

Proposition 4.2. Let f : (X,A ) → (Y,B). Let Y ′ ∈ B such that f(X) ⊂ Y ′. Then f is
(A ,B)-measurable if and only if

∀B ∈ B, B ⊂ Y ′, f−1(B) ∈ A .

Furthermore, f viewed as a function from (X,A ) to Y ′ is measurable with respect to the
trace σ-algebra of B on Y ′.

Proof. The forward implication is obvious. Conversely, let B ∈ B. It is clear that B∩Y ′ ∈ B
since Y ′ ∈ B. Consequently, f−1(B) = f−1(B ∩ Y ′) ∈ A by hypothesis. The statement
about the trace σ-algebra is obvious: when Y ′ ∈ B, it is precisely constituted by the elements
of B contained in Y ′.

Application 4.2. • (a) If f : (X,A ) → (R,B(R)) is measurable and non-negative,
then f is measurable from (X,A ) to (R+,B(R+)). And conversely, if f : (X,A ) →
(R+,B(R+)) is measurable, then f : (X,A ) → (R,B(R)) is as well because B(R+) is
the trace σ-algebra of B(R) on R+.

• (b) If f : (X,A ) → (R,B(R)) is measurable, then f : (X,A ) → (R,B(R)) is
measurable and, conversely, if f : (X,A ) → (R,B(R)) is measurable and f(X) ⊂ R,
then f : (X,A ) → (R,B(R)) is measurable.

Proposition 4.3 (Composition). Let (X,A )
f−→ (Y,B)

g−→ (Z,C ). If f and g are measurable
then g ◦ f is measurable.

Proof. Let C ∈ C . (g ◦ f)−1(C) = f−1(g−1(C)︸ ︷︷ ︸
∈B

) ∈ A .

By combining application 4.1 (c) and proposition 4.3, one can construct new measurable
functions from a given measurable function.

Application 4.3. • (a) Let a ∈ R and f : (X,A ) → (R,B(R)) be measurable. Then
max(f, a),min(f, a), |f |, f+ := max(f, 0), f− := −min(f, 0) are measurable.

• (b) If f : (X,A ) → (R∗,B(R∗)) is measurable then 1/f is measurable; if f : (X,A ) →
R+ is measurable, then

√
f is as well, and if, furthermore, f does not vanish, ln(f) is,

etc.
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Proposition 4.4. Let f := (f1, f2) : (X,A ) → (R2,B(R2)). The function f is measurable
if and only if f1 and f2 are, as functions from (X,A ) to (R,B(R)).

Proof. (⇒) f1 = π1 ◦ f where π1 : R2 → R denotes the 1st canonical projection, i.e.,
π1((x1, x2)) := x1. π1 is continuous and therefore measurable, and hence f1 is too.

(⇐) B(R2) := σ(O(R2)) and, by definition of the product topology of two separable
metric spaces,

O(R2) =

{⋃
i∈I

(Ui × Vi), Ui, Vi open sets of R, I countable

}
(cf. section 3.4).

From which it clearly follows, B(R2) = σ({U × V, U, V open sets of R}). According
to proposition 4.1, f will be measurable if f−1(U × V ) ∈ A , U, V open sets of R. Now,
f−1(U × V ) = f−1

1 (U)︸ ︷︷ ︸
∈A

∩ f−1
2 (V )︸ ︷︷ ︸
∈A

∈ A .

Application 4.4. • (a) If we identify C and R2 [i.e., z = x + iy ≡ (x, y)], proposition
5.4 can be restated as: the function f : (X,A ) → (C,B(C)) is measurable if and only
if ℜ(f) and ℑ(f) are.

• (b) If f : (X,A ) → R or C is measurable then |f |p, p > 0, is measurable because
(u 7→ |u|p) is continuous on R, R, or C, and therefore Borel measurable.

4.2 Operations on measurable functions

Proposition 4.5. Let f, g : (X,A ) → (R,B(R)) be two measurable functions. Then, for
all α ∈ R, αf + g and fg are measurable.

Proof. According to proposition 4.4 above, the mapping (f, g) : (X,A ) → (R2,B(R2))
is measurable since its components f and g are; on the other hand, the sum mapping:
(x1, x2) 7→ αx1 + x2 and product mapping: (x1, x2) 7→ x1x2 from (R2,B(R2)) to (R,B(R))
are continuous and therefore Borel measurable. We conclude via proposition 4.3.

Corollary 4.1. Proposition 4.5 extends to complex-valued functions.

Proof. Indeed, if f is measurable, ℜ(f) and ℑ(f) are, so, according to proposition 4.5,
ℜ(f + g) = ℜ(f)+ℜ(g) and ℑ(f + g) = ℑ(f)+ℑ(g) are measurable. Consequently, f + g is
as well thanks to application 4.4. The product, notably by a complex constant, is handled
analogously starting from the formulas for the product of two complex numbers.

These properties can be summarized as follows:

Proposition 4.6. The set of measurable functions from (X,A ) to (K,B(K)) equipped with
the usual operations +, ·,× on functions is a K-algebra6.

6i.e., a K-vector space for the operations +, · and a ring for the operations +,×, these four operations
verifying furthermore various natural compatibility relations trivially verified in the case of vector spaces of
functions with values in K, for which we refer to an appropriate textbook.
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Proposition 4.7. Let (fn)n≥1 be a sequence of measurable functions from (X,A ) with values
in (R,B(R)).

• (a) supn fn and infn fn are measurable,

• (b) limnfn and limnfn are measurable,

• (c) If fn
S−→ f (”S” for ”simply” [pointwise] i.e., ∀x ∈ X, fn(x) → f(x) in R), then f

is measurable.

Proof. Since B(R) = σ((a,+∞], a ∈ R) = σ([a,+∞], a ∈ R), it suffices, to establish the
measurability of a function g, to verify (cf. proposition 4.1) that

∀a ∈ R, {g > a} ∈ A or ∀a ∈ R, {g ≥ a} ∈ A .

• (a) {supn fn > a} =
⋃

n≥1{fn > a} ∈ A and {infn fn ≥ a} =
⋂

n≥1{fn ≥ a} ∈ A .

• (b) Recall that limnfn := supn(infk≥n fk) and limnfn := infn(supk≥n fk) and we apply
point (a).

• (c) We know that a sequence (xn)n∈N converges in R if and only if limnxn = limnxn,

in which case limn xn = limnxn = limnxn. Consequently, if fn
S−→ f , f = limnfn is

therefore measurable.

Example 4.2. If f : R → R is differentiable, then f ′ = limn n(f(. + 1/n) − f) is Borel
measurable.

Complements and refinements:

1. Assertion (c) can be refined; indeed, if we do not assume a priori that the sequence
(fn)n≥1 converges, we know however that

{fn
(R)−−→ .} := {x ∈ X : lim

n
fn(x) exists in R} ∈ A

since

{fn
(R)−−→ .} = c{limnfn ̸= limnfn}

= c

(⋃
r∈Q

(
{limnfn < r} ∩ {limnfn ≥ r}

))
∈ A .

Furthermore, the mapping limn fn : {fn
(R)−−→ .} → R is always measurable with respect

to the σ-algebras A ∩ {fn
(R)−−→ .} (trace σ-algebra) and B(R).
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2. Assertion (c) remains true if we replace R by any metric space (E, d). Indeed, let
fn : (X,A ) → (E,B(E)) be a sequence of measurable functions converging pointwise
to a function f . For every closed set F of E, we have

f−1(F ) = {x ∈ X : d(f(x), F ) = 0} = {x ∈ X : lim
n
d(fn(x), F ) = 0}

=
⋂
p≥1

⋃
N∈N

⋂
n≥N

{
x ∈ X : d(fn(x), F ) ≤

1

p

}
∈ A

because the mapping x 7→ d(fn(x), F ), composed of the measurable function fn and
the 1-Lipschitz function e 7→ d(e, F ), is measurable from (X,A ) to (R+,B(R+)).

3. If the metric space (E, d) is furthermore complete and separable7, one can also establish

the measurability of {fn
(E)−−→ .}. Indeed, if (ek)k∈N denotes a dense sequence in (E, d),

one easily verifies that

{fn
(E)−−→ .} := {x ∈ X : (fn(x))n≥1 is Cauchy}

=
⋂
k≥1

⋃
ℓ≥1

⋂
m,n≥ℓ

⋃
p∈N

({
x ∈ X/d(fm(x), ep) ≤

1

k

}
∩ · · ·

· · ·
{
x ∈ X/d(fn(x), ep) ≤

1

k

})
∈ A .

The spaces R,R+,C,Rd,Cd are complete separable metric spaces.

Exercise: Drawing inspiration from the method proposed in the first complement above,
show that if the functions f, g : (X,A ) → (R,B(R)) are measurable then {f = g} ∈ A .

4.3 Simple functions on a measurable space

Definition 4.2. A function f : (X,A ) → (K,B(K)) is simple if it is measurable and takes
only a finite number of values (K = R or C).

It is immediate that any simple function f : (X,A ) → (K,B(K)) can be written in the
form

f =
∑
i∈I

αi1Ai
, I finite, αi ∈ K, (Ai)i∈I an A -measurable partition of X (5)

where we mean, by A -measurable partition, any partition of X consisting of elements (pos-
sibly empty) of A .

Conversely, any function of the form (5) is simple. Furthermore, among all decomposi-
tions of type (5) of a simple function f , there exists one and only one in which the αi are

7Such a space is sometimes called a Polish space, in homage to the many Polish mathematicians who
showed the importance of such spaces, notably in Probability.
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pairwise distinct. In this case it is clear that {αi, i ∈ I} = f(X), Ai = {f = αi}, i ∈ I, and
we obtain the canonical form of f :

f =
∑

α∈f(X)

α1{f=α}.

Simple functions play in the construction of the Lebesgue integral the role assigned to
step functions in Riemann theory.

Example 4.3. 1. A function f : (X,P(X)) → K is simple if and only if card(f(X)) is
finite.

2. The indicator function f := 1A of a measurable set A ∈ A is a simple function whose
canonical form is obviously given by

f = 1× 1A + 0× 1cA.

Other expressions of type (5) are generally possible: thus, as soon as there exists
Ã ⊂ A, Ã ∈ A , Ã ̸= A, ∅, the function f is also written

f = 1× 1Ã + 1× 1A\Ã + 0× 1cA.

3. If X = [a, b], (a < b) and A = B([a, b]), any step function f is simple. Indeed
(cf. definition 1.1) it takes a finite number of values and, for all α ∈ f([a, b]), the set
{f = α} is a finite union of intervals of [a, b] and therefore a Borel set of [a, b]. The
converse is false, which illustrates the fact that the notion of a simple function is a
generalization of that of a step function.

Proposition 4.8. The set

EK(X,A ) := {f : (X,A ) → (K,B(K)), f simple}

is a lattice K-algebra8.

Proof. The zero function is obviously simple. On the other hand, let f :=
∑

i∈I αi1Ai
and

g :=
∑

j∈J βj1Bj
be two decompositions of type (5.1). If λ ∈ K,

λf + g =
∑

i∈I,j∈J

(λαi + βj)1Ai∩Bj
,

fg =
∑

i∈I,j∈J

αiβj1Ai∩Bj
,

max(f, g) =
∑

i∈I,j∈J

max(αi, βj)1Ai∩Bj
,

etc., which are in turn decompositions of type (5.1) relative to the A -measurable partition
(Ai ∩Bj)i∈I,j∈J .

8i.e., stable under finite max and min.
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Exercise: Show that any function f of the form f =
∑

i∈I αi1Ai
, αi ∈ K, Ai ∈ A , i ∈ I,

I finite, is simple.

Theorem 4.1 (Fundamental approximation lemma). Let f : (X,A ) → R,R or C, be
measurable. There exists a sequence (fn)n≥1 of simple functions, such that, for all x ∈ X,
limn fn(x) = f(x). Furthermore,

(a) if f ≥ 0, we can choose the sequence (fn)n≥1 to be increasing and non-negative, in the
sense that

∀n ≥ 1, 0 ≤ fn ≤ fn+1.

(b) If f is bounded, we can choose the sequence (fn)n≥1 such that fn converges uniformly
to f (i.e. limn supx∈X |fn(x)− f(x)| = 0).

Proof. (a) Suppose f ≥ 0 and let us set for all n ∈ N,

En,k :=

{
k

2n
≤ f <

k + 1

2n

}
, k ∈ {0, . . . , n2n − 1}, and En,∞ := {f ≥ n}.

The sets En,k and En,∞ belong to the σ-algebra A as inverse images of intervals of R
by the measurable function f . We then define for all n ∈ N,

fn :=
n2n−1∑
k=0

k

2n
1En,k

+ n1En,∞ .

The functions fn are simple by construction. We verify that, if x ∈ En,k,

fn+1(x) =

{
fn(x) if 2k

2n+1 ≤ f(x) < 2k+1
2n+1 ,

fn(x) +
1

2n+1 if 2k+1
2n+1 ≤ f(x) < 2(k+1)

2n+1 ,

and if x ∈ En,∞,

fn+1(x) =

{
n+ 1 > fn(x) if f(x) ≥ n+ 1,
n2n+1+ℓ
2n+1 ≥ n if n2n+1+ℓ

2n+1 ≤ f(x) < n2n+1+ℓ+1
2n+1 , 0 ≤ ℓ ≤ 2n+1 − 1.

We have thus well established that fn(x) ≤ fn+1(x) for all x ∈ X.

It is obvious by construction that, if x ∈ {f < n}, 0 ≤ f(x) − fn(x) ≤ 2−n. Conse-
quently, for all x ∈ {f < n0}, we have,

∀n ≥ n0, 0 ≤ f(x)− fn(x) ≤ 2−n → 0.

Consequently fn → f on {f < +∞} =
⋃

k≥1{f < k}.
Finally, if x ∈ {f = +∞} =

⋂
n∈N{f ≥ n}, fn(x) = n→ +∞.

If f is bounded by M , we observe that {f ≥ n} = ∅ for n > M , hence the uniform
convergence in this case, because 0 ≤ f(x) − fn(x) ≤ 2−n for all x ∈ X as soon as
n > M .
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(b) Real case: If f takes values in R, we decompose it into f := f+ − f− where f+ :=
max(f, 0) and f− := max(−f, 0). The functions f+ and f− satisfy f± ≥ 0, f+ + f− =
|f |. Thus, f+ and f− are bounded if and only if f is. Finally, we note that, at every
point x ∈ X, either f+(x) or f−(x) is zero.

We then consider the sequences f+
n and f−

n relative to f+ and f− constructed in point
(a) and we set fn := f+

n − f−
n . The function fn is clearly simple and fn → f as

n → +∞. No indeterminate form can occur during the passage to the limit; indeed,
0 ≤ f±

n ≤ f± so, with x ∈ X fixed, one of the two sequences (f+
n (x))n≥1 or (f

−
n (x))n≥1

is identically zero. The convergence is furthermore uniform if f is bounded since the
functions f± are.

Complex case: If f takes complex values, we write f = ℜ(f) + iℑ(f).

Remark 4.2. The fundamental approximation lemma rests effectively on the idea developed
in the preliminary “From Riemann to Lebesgue” consisting of approximating a function f
by regularly cutting the “axis” of ordinates, instead of the “axis” of abscissas (as for step
functions).
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5 Measures

5.1 Definition and examples

Definition 5.1. (a) Let (X,A ) be a measurable space. We call a (positive) measure on
(X,A ) any mapping µ : A → R+ satisfying:

(i) µ(∅) = 0,

(ii) If (An)n≥1 is a sequence of elements of A , pairwise disjoint (possibly empty):

µ

(⋃
n≥1

An

)
=
∑
n≥1

µ(An) [property of σ-additivity].

(b) If µ(X) < +∞, the measure µ is said to be finite or bounded. If µ(X) = 1, µ is a
probability measure.

Remark 5.1. The above hypotheses entail the “simple additivity” of the measure µ: for
any family A1, . . . , An of subsets of A , pairwise disjoint,

µ(A1 ∪ · · · ∪ An) = µ(A1) + · · ·+ µ(An)

(we simply set Ak := ∅ for k > n and apply jointly (i) and (ii)).

Example 5.1. 1. The zero measure on (X,P(X)): ∀A ∈ P(X), µ(A) := 0.

2. The gross measure: µ(∅) := 0 and ∀A ∈ P(X), A ̸= ∅, µ(A) := +∞.

3. The Dirac measure at point a ∈ X:

∀A ∈ P(X), µ(A) :=

{
1 if a ∈ A

0 if a /∈ A.
(6.1)

The Dirac measure at a is denoted δa.
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