The Long-Range Ising Model in 1D at

Inverse-Square Decay

Yuguang Xiao

M2 Probabilités et Modeles Aléatoires (PMA)
Sorbonne Université

Encadrant : Arnaud Le Ny
LAMA, Université Paris-Est Créteil

Master’s Defense — September 2, 2026

Yuguang Xiao (Sorbonne Université) Long-Range Ising Model in 1D Sept. 2, 2026



Table of Contents

@ From Long-Range Percolation to the 1D Ising Model
© Random Current Representation
© Perspectives: DGC and Random Interface

@ Conclusion

Yuguang Xiao (Sorbonne Université) Long-Range Ising Model in 1D Sept. 2, 2026



The Classical Ising Model

Definition (Ising Model)

Configuration o = (07)ien € {—1,+1}" on A C Z? with J; > 0:

1
Ha(0) =~ > Jyoioj,  paslo) = ?e‘ﬁ”ﬂ(”).
{igcA B

Spontaneous Magnetization & Critical Point

m*(B) = AiTr;d<Uo>/"\"ﬂ, Be :=inf{B >0: m"(B) > 0}.

Theorem (lIsing 1925: 1D Nearest-Neighbor)
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Long-Range Ising Model in 1D at Inverse-Square Decay

Theorem (1D Long-Range Ising Model at Inverse-Square Decay)

Frohlich — Spencer 1982, Aizenman — Chayes — Chayes — Newman
1988

For the 1D Long-Range Ising Model with J(r) < r=2 (a = 2):

Phase Transition [FS82] : 3. > 0s.t. m*(8) >0 (V8 > Be),
Discontinuity [ACCN88] : m*(5.) = ﬁli\(r% m*() > 0.
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Specificity of the Problem at Inverse-Square Decay

Droplet Energy Cost (Thouless 1969, Landau-Lifshitz 1980)

For an interval of flipped spins I, = [1,¢] C Z of length ¢:

AE(D) =233 J(li - j))-

i€ly jé¢ly

Energy Scaling (J(r) < r™?)

P l<a<?,
AE(l) < logl, a=2,

1, a > 2.
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Duminil-Copin — Garban — Tassion (2025)

1D Long-Range Ising Model Revisited

H. Duminil-Copin, C. Garban, V. Tassion (2025)

ACCN (1988) strategy

_________________________________

Long-Range
Bernoulli
Percolation

FK Percolation 1D Long-Range
(g = 2) Ising Model

S m————

_________________________________
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The Long-Range Bernoulli Percolation

Model on the complete graph over Z

Edges are independent and

1—exp<—_5_2>, |I—J|22,
pij(B,A) = |i = J
= ) i—jl=1

Q(ﬁ, )\) = P@)\(O A OO)

Theorem | (DCGT 2025)

(i) B> 1= 6(B8,)\) >0 for \ large, (i) 6 > 0= B> > 1.
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Proof of Theorem I(i)

e Blocks: Bl = [K(i — 1), K(i + 1)), Bk = BY
e 0-good Block: It is 6-good if it contains a cluster with at least 20K
vertices

@ f#-bad probability:
pﬁ,A(K, 9) = P[j,)\[BK is H—bad] =1- P@A[BK is O—good].

Lemma (DCGT Lemma 2)

Choose 6, € (3/4,1) such that 362, > 1. There exists a constant
Co > 0 such that for all § > 6, C > Gy and ¢’ == 0 —

1
PeA(CK.0') < 755Psa(K,0) + 2C%pg A (K, 0)%.
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Proof of Lemma 2

e Event decomposition: For Ic ={-C+1,...,C —1}:
{BCK is 0’—bad} (@ U F; U D, where F; = E;ﬂ{BCK is 9’—bad}.
i€lc
o E;: Bj is -bad, and all bad blocks are in Bj; ' U Bj U B (defect

zone).
e D: contains two vertex-disjoint #-bad K-blocks.
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Proof of Lemma 2

e Event decomposition: For Ic ={-C+1,...,C —1}:
{BCK is 0’—bad} - U F; U D, where F; = E;ﬂ{BCK is 9’—bad}.
i€lc
o E;: Bj is -bad, and all bad blocks are in Bj; ' U Bj U B (defect
zone).
e D: contains two vertex-disjoint #-bad K-blocks.

@ Union bound:

psA(CK,0') < Y P(F) + P(D)
icle (Bernoulli independence)

<(* " )pe,A(K0)2 <2C2ps A (K 0)2
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Proof of Lemma 2: Single Defect Case

| [Erusos) |

c- defect zone cr

1 1

On Ej: {Bck is ¢'-bad} C {all edges between C;", C,-Jr are closed}
\
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Proof of Lemma 2: Single Defect Case

| [Erusos) |

c- defect zone cr

1 1

On Ej: {Bck is ¢'-bad} C {all edges between C;", C,-Jr are closed}

J
F; C E; N {all edges between C;, C,-Jr are closed}
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Proof of Lemma 2: Single Defect Case

NEREIEEN

c- defect zone cr

1 1

On Ej: {Bck is ¢'-bad} C {all edges between C;", C,-Jr are closed}

J
F; C E; N {all edges between C;, C,-Jr are closed}

| Bernoulli independence

P(F;) < P(E; exp( 154 Z Z |X—y|2>

xeC;~ yGC+
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Proof of Lemma 2: One-Defect Estimate

On E;, ordering vertices in C;, C;* gives 0(y, — x5) <6K +a+b (dj=C —|i|):

1 d;
2 2
XYz X mrreree 2 o)

xeC yeCt a,b< 8

4
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Proof of Lemma 2: One-Defect Estimate

On E;, ordering vertices in C;, C;* gives 0(y, — x5) <6K +a+b (dj=C —|i|):

1 d;
Y hm 2 Y e 2 Pesl)

x€C; y€C+ 7b§7i
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Proof of Lemma 2: One-Defect Estimate

On E;, ordering vertices in C;, C;* gives 0(y, — x5) <6K +a+b (dj=C —|i|):

E E > E _— > —
Ix—y|2 — b (6K +a+ b)2 — b lOg(48>
a

xeC;~ yGCﬂ' < Kd;

PW=73

4

= HE) @)69 < psa(K.0) (‘f)“

| since 6%>>1 and C large

1
) < .
> P(F) < 100 pa(K,0)

i€lc
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From Lemma 2 to Theorem I(i)

1

| choose scales and densities:
G
Kn+1 - Cn+1Kna 9n+1 - 0,, - an—l - 0,, Z 900 > %
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From Lemma 2 to Theorem I(i)

p(CK,8") <

— p(K 2C2%p(K, 0)?
—1oop( ,0) +2C*p(K,0)

| choose scales and densities:
G
Kn+1 - Cn+1Kna 9n+1 - 0,, - an—l - 9,, Z 900 > %

1
Upt1 < 100un —|—2C2+1u .

|l Initialisation by large \: u; small = u, < 2 o P(Bk, is 0,-good) > %

Induction with u, := p(K,,0,):
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From Lemma 2 to Theorem I(i)

p(CK,8") <

— p(K 2C2%p(K, 0)?
—1oop( ,0) +2C*p(K,0)

| choose scales and densities:
G
Kn+1 - Cn+1Kn7 9n+1 - 0,, - an—l - 9,, Z 900 > %

Induction with u, := p(K,,0,): n+ 2C2+1u .

1
u < —
= 100
|l Initialisation by large \: u; small = u, < 2 o P(Bk, is 0,-good) > %

Cluster overlap:
0, > % — IP’(O belongs to a cluster of size > %K,,) >

OO\OO

| Letting n— o0
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From Lemma 2 to Theorem I(i)

p(CK,8") <

— p(K 2C2%p(K, 0)?
—1oop( ,0) +2C*p(K,0)

| choose scales and densities:
G
Kn+1 - Cn+1Kna 9n+1 - 0,, - an—l - 9,, Z 900 > %

1
Upt1 < 100un —|—2C2+1u .

|l Initialisation by large \: u; small = u, < 2 o P(Bk, is 0,-good) > %

Induction with u, := p(K,,0,):

Cluster overlap:
0, > 2 = P(0 belongs to a cluster of size > 3K,) >

OO\OO

| Letting n— o0

B>1 = 0(B,\) >0 (for A sufficiently large)

Yuguang Xiao (Sorbonne Université) Long-Range Ising Model in 1D Sept. 2, 2026



Proof of Theorem I(ii): Failed Crossings

Definition (K-crossed Block & Observable p(K))

For B, = [3K(i —1),3K(i + 1)):
@ K-crossed: dx < 3Ki — 3K, y > 3Ki + 3K connected by an
open path using only edges of length |e| < K.
o Failure probability: p(K) := P \(Bsk is not K-crossed).

Proof by contradiction: Assume 6 >0, f9?> <1. Choose
0 <<= (6192 <1)

(! Contradlctlon Strategy
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Proof of Theorem I(ii): Failed Crossings

Definition (K-crossed Block & Observable p(K))

For B, = [3K(i —1),3K(i + 1)):
@ K-crossed: dx < 3Ki — 3K, y > 3Ki + 3K connected by an
open path using only edges of length |e| < K.
o Failure probability: p(K) := P \(Bsk is not K-crossed).

Proof by contradiction: Assume 6 >0, 30> <1. Choose
0 <<= (6192 <1)

(! Contradlctlon Strategy

Show persistent obstruction: p(K,) > c > 0 for infinitely many
K, — o
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Candidate Blocks and Bridges

Inside B¢k, consider separated candidate blocks
/gand .= {i € 3Z: By, C Bek}:
e Edge lengths: |e|] < K (short), K < |e|] < CK (long).
e Bridge: A long open edge e = {x, y} whose endpoints have open
R-arms off e.
e Unbridged block: Bé'K bypassed by no long edge bridge.

Unbridged Candidate Blocks U

U:={Bix:ieIg&™, Bl is unbridged}.

Bsck is CK-crossed = every block B € U is K—crossed‘
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Failed-Crossing Renormalisation

Conditioning on long edges F (disjoint short-edge families):
P(every B € U is crossed | F) = (1 — p(K))!Y!
4
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Failed-Crossing Renormalisation

Conditioning on long edges F (disjoint short-edge families):
P(every B € U is crossed | F) = (1 — p(K))!Y!
4
p(CK) > 1 E[(1 — p(K))V] > e E[[U[]min{p(K), C!}
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Failed-Crossing Renormalisation

Conditioning on long edges F (disjoint short-edge families):
P(every B € U is crossed | F) = (1 — p(K))!Y!
4
p(CK) > 1 E[(1 — p(K))V] > e E[[U[]min{p(K), C!}
| Inverse-square tail:

2
S OP  silegc — E[U) 2
K<r<CK |
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Failed-Crossing Renormalisation

Conditioning on long edges F (disjoint short-edge families):
P(every B € U is crossed | F) = (1 — p(K))!Y!
4
p(CK) > 1 E[(1 — p(K))V] > e E[[U[]min{p(K), C!}
| Inverse-square tail:

2
S OP  silegc — E[U) 2
K<r<CK |

Lemma (DCGT: Failed-Crossing Renormalisation)

p(CK) > CY P min{p(K), C1} = p(Ka) =7 >0 (Vn> ng).
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Annulus Obstruction & Contradiction

Annulus-Crossing Event A(K) := {B3x «— B§,}

Two failed K-crossings + no long bypass across annulus — A(K)°€.

e From failed-crossing lower bound (p(K,) > n > 0):
1 -P(A(K,) > cs p(Kn)? = P(A(Kn)) <1l-c<1.
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Annulus Obstruction & Contradiction

Annulus-Crossing Event A(K) := {B3x «— B§,}

Two failed K-crossings + no long bypass across annulus — A(K)°€.

e From failed-crossing lower bound (p(K,) > n > 0):
1 -P(A(K,) > cs p(Kn)? = P(A(Kn)) <1l-c<1.

e From percolation assumption (# > 0) and ergodicity:
P(A(Kp)) — 1.
n—oo
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Annulus Obstruction & Contradiction

Annulus-Crossing Event A(K) := {B3x «— B§,}

Two failed K-crossings + no long bypass across annulus — A(K)°€.

e From failed-crossing lower bound (p(K,) > n > 0):
1 -P(A(K,) > cs p(Kn)? = P(A(Kn)) <1l-c<1.

e From percolation assumption (# > 0) and ergodicity:
P(A(Kp)) — 1.
n—oo

|l Contradiction!
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Annulus Obstruction & Contradiction

Annulus-Crossing Event A(K) := {B3x «— B§,}

Two failed K-crossings + no long bypass across annulus — A(K)°€.

e From failed-crossing lower bound (p(K,) > n > 0):
1 -P(A(K,) > cs p(Kn)? = P(A(Kn)) <1l-c<1.

e From percolation assumption (# > 0) and ergodicity:
P(A(Kp)) — 1.
n—oo

|l Contradiction!

Theorem I(ii) (Density Gap, DCGT 2025)

0(8,0)>0 = |BO(BN?>1.
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FK Percolation & Theorem Il

FK Percolation / Random-Cluster Model (g > 1)

For an edge e = {x, y}, conditional on w_. := w|E\ (¢}

Pe»
IP’peyq(e is open ‘ w_e) =

if Xx+— yinw_e,

Pe+(1*

, if x yin w_e.
Pe)q

Theorem |l (Density Gap for FK Percolation, DCGT 2025)

Let 6(q, B, A) := P¥£4(0 ¢ o0) (g > 1):
@ If 8> 1, then 6(q,3,\) > 0 for all sufficiently large finite .

@ For every 5,A >0,
0(q,5,\) >0 =

B6(q,B8,1)* > 1.
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Edwards—Sokal Coupling & Discontinuity

Edwards—Sokal Coupling (1988) at g =2

For Hising With J; j = ﬁ ES gives B =263, and A\ = 215
(00) x5, = Fhp2 (02 ON) o ™ (B1) = 0(2, 281, 215;).

Corollary (Phase Transition & Discontinuity)

By Theorem Il with g = 2:

@ Phase transition (from (i)):
Bic:=inf{B; >0:m"(B;) >0} > 0.

@ Discontinuity (from (ii)): m™(3/) >0 = 23, m*(3/)?> > 1,
which yields:

m*(Brc) = lim m*(6) >

B¢

1
25I,c

> 0.

;

Sept. 2, 2026
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Aizenman — Duminil-Copin — Sidoravicius

Random Currents and Continuity of Ising Model’s Spontaneous
Magnetization

Aizenman — Duminil-Copin — Sidoravicius (2015)

ADCS core tools

__________________________________

MLRO(ﬁc) =0
= m*(ﬁc) =0

I !

From finite to

|

1

: Random currents Switching lemma

: on finite graphs + Cluster geometry
1
.

N m—-———

P Conclusion
infinite volume
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Random Currents for Ising Model

Partition function on finite graph A = (A, Ep):

Z/\ = Z H exp(ﬁ,J,-J-J,-aj)

oce{£1}M {ij}

. i Jii)i )
| Taylor expansion: eP1lioioj — Z (ﬁlnijl)(a,'aj)"u
n;j>0 b
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Random Currents for Ising Model

Partition function on finite graph A = (A, Ep):

Z/\ = Z H exp(ﬁ,J,-J-J,-aj)

oce{£1}M {ij}

J::) i
| Taylor expansion: e/17i%1% = Z M(giaj)"ij

n;;!
n;>0 u

SNIEC (Pl

neN, Ep ecEp ! i€eN \o;
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Random Currents for Ising Model

Partition function on finite graph A = (A, Ep):

Z/\ = Z H exp(ﬁ,J,-J-J,-aj)

oce{£1}M {ij}

J::) i
| Taylor expansion: e/17i%1% = Z M(giaj)"ij

n;>0 nUl
Je)
SNIEC (Pl
neN/\eeE/\ ! i€eN \o;
2, kis even,
since ) of { k is odd.
oi=%1
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Random Currents for Ising Model

Partition function on finite graph A = (A, Ep):

Z/\ = Z H exp(ﬁ,J,-J-J,-aj)

oce{£1}M {ij}

J::) i
| Taylor expansion: e/17i%1% = Z M(U’-Uj)n"j

”iJ‘ZO n,Jl
Je)
SNIEC (Pl
neN/\eeE/\ ! i€eN \o;

2, kis even,
since 0_21” { 0, kis odd.
—2|A| Z H IJ) =: 2|MZ/\(®)

on=g ecEp

Currents & sources: w(n) =[] ., Bl - on = {i € N: da(i) is odd}.

ne!
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Switching Lemma for Random Currents

Current Representation: For any even set A C A,

2lAl 7 (A) Zn(A) B
<H0-i>/\16 - 2|/\‘Z//\\(@) = Z:\\(Q)’ Z/\(A) = Z W(I‘I)

i€cA on=A

| Switching Lemma (Aizenman — Duminil-Copin — Sidoravicius 2015)
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Switching Lemma for Random Currents

Current Representation: For any even set A C A,

2lAl 7 (A) Zn(A) B
<H0-i>/\16 - 2|/\‘Z//\\(@) = Z//\\(@)’ Z/\(A) = Z W(I‘I)

i€cA on=A

| Switching Lemma (Aizenman — Duminil-Copin — Sidoravicius 2015)
Forany G C H, i,j € G, AC H, and bounded F:

> F(n1+no)w(ng)w(ng) =

om={i,j}
3n2:A
Z F(nl + n2)W(n1)W(n2) l{iHj in supp(n1+n2)NG}
on =g
Onp=AN{ij}
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Switching Lemma for Random Currents

Current Representation: For any even set A C A,

2lAl 7 (A) Zn(A) B
<Ho-i>/\16 - 2|/\‘Z//\\(@) = Z//\\(@)’ Z/\(A) = Z W(I’I)

i€cA on=A

| Switching Lemma (Aizenman — Duminil-Copin — Sidoravicius 2015)
Forany G C H, i,j € G, AC H, and bounded F:

> F(n1+no)w(ng)w(ng) =

om={i,j}
3n2:A
Z F(nl + n2)W(n1)W(n2) l{iHj in supp(n1+n2)NG}
on =g
Onp=AN{ij}

| Specialcase: G=H=A, A=92, F=1
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Switching Lemma for Random Currents

Current Representation: For any even set A C A,

2lAl 7 (A) Zn(A) B
<Ho-i>/\16 - 2|/\‘Z//\\(@) = Z//\\(@)’ Z/\(A) = Z W(I’I)

i€cA on=A

| Switching Lemma (Aizenman — Duminil-Copin — Sidoravicius 2015)
Forany G C H, i,j € G, AC H, and bounded F:

> F(n1+no)w(ng)w(ng) =

om={i,j}
3n2:A
Z F(nl + n2)W(n1)W(n2) l{iHj in supp(n1+n2)NG}
on =g
Onp=AN{ij}

| Specialcase: G=H=A, A=92, F=1

<O‘,’O‘j>/%”31 = Piﬁ/ ® P?\,B/(i < j in supp(ny + ny))
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Discrete Gaussian Chain (DGC)

Definition (Discrete Gaussian Chain / 1D Integer-Valued GFF)

B (0) = o exp<—§ > Ja(li—jl)(wi—%‘)z)

2N, I JET, i
(i} AND
- p:Z7Z—7 _
pi =0 i =20
i¢ Ay aray
-N 0 N
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Theorem: (De-)Localisation for the DGC

Theorem ((De-)Localisation for the DGC)

Kjaer - Hilhorst 1984, Frohlich — Zegarlinski 1991

VB € RT,VN € N*,

{Delocalization ; Var%%z(goo) =logN, [<1 [KH84],

Localization :  supy Var',?,y%%(cp@ < oo, f[>1" [FZ91].

* This does not imply that the critical point is 1.
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Open Problem 4 (C. Garban)

Open Problem 4 (C. Garban)

Is the (de)localization phase transition discontinuous at the critical
point B.7*

* The numerical result was proven by Slurink and Hilhorst in 1983.
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Open Problem 4 (C. Garban)

Open Problem 4 (C. Garban)

Is the (de)localization phase transition discontinuous at the critical
point B.7*

?

S

1D Long-Range Ising Model

at inverse-square decay (@ = 2)

* The numerical result was proven by Slurink and Hilhorst in 1983.
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Current-Type Expansion for the DGC

Rewrite DGC Hamiltonian:
efBDHIEI)GC(@ — H e*ﬁoaqﬁ,? H e2,8DJiJ'¢i¢j7 3= ZJU
i€y {ij}eEpn i

28pJ;) i )
U Taylor expansion: e2?0Ji%i%i — Z (26pJ5)" (¢icpj)"
-
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Current-Type Expansion for the DGC

Rewrite DGC Hamiltonian:

e*BDH/E/)GC(‘z’) _ H e*5D3¢? H e2,BDJ,-j¢>i<Z5j7 2= ZJ’.J-
iehy {ij}yeEn J#i
2 J," u .
|l Taylor expansion: e2°07i%i%; — Z (290;) (0igj)™
n

nUZO

DGC

neN,

IR

En ecEpy

€Ny

3 e

D€L

—50305,2)
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Current-Type Expansion for the DGC

Rewrite DGC Hamiltonian:

e*BDH/E/)GC(‘z’) _ H e*5D3¢? H e2,BDJ,-j¢>i<Z5j7 2= ZJ’.J-
€Ay {ijYeEN J#i

2BpJij)"i ,

| Taylor expansion: e20Ji%i%; — Z M(@(ﬁj)mj

nijZO n,-j.
2,8DJ dn(i) — 2
ZDeC Z H H (Z & () g=Bpad;
neNEN ecEy iEAy \¢;EZ

|} Define one-site moments: mg, (k)
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Current-Type Expansion for the DGC

Rewrite DGC Hamiltonian:

e*BDH/E/)GC(‘z’) _ H e*5D3¢? H e2,BDJ,-j¢>i<Z5j7 2= ZJ’.J-

ieAn {ij}eEn Jj#i
2BpJjj)" "
U Taylor expansion: e2?0Ji%i%i — Z (26pJ5)" IJ) (¢icpj)"

nijZO n,-j.
Z8C = ] %’DJ 11 (Z ¢efn(f)e—ﬁoa¢%>
1
nENEN ecEy iEAN \QEZL
|} Define one-site moments: mg, (k) := Z mke~foam’
meZ
2fpJ.
24 = 52 TT 222 I may (el

nGNgN ecEy €Ny

Currents & degrees:
n=(ne)ecey € N§¥, da(i) == Y esiNes  Mpy(k) =0 for odd k.
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DGC Variance in Current Representation

Target observable in Garban’s problem: Var],\),%gﬁz(qﬁo) = E[¢3]

4
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DGC Variance in Current Representation

Target observable in Garban’s problem: Var],\),%gﬁz(qﬁo) = E[¢3]

4

Mgy (dn(0) +2)
mgp, (C/n(O))

N,B8p

VarR%g,z(%) = Egpco [
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DGC Variance in Current Representation

Target observable in Garban’s problem: Var],\),%gﬁz(qﬁo) = E[¢3]

4

DGC —
Vary 3,2(¢0) = Eqgpac

Mgy (dn(0) +2)
mgp (C/n(O))
I Why switching fails
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DGC Variance in Current Representation

Target observable in Garban’s problem: Var],\),%gﬁz(qﬁo) = E[¢3]

4

DGC —
Vary 3,2(¢0) = Eqgpac

mgp, (C/n(O))
I Why switching fails

No available switching lemma turns Var(¢g) into a connectivity problem!

[mﬁo (dn(0) +2)

Var(¢) creates a degree defect at 0 (not a two-point source In = {0, x}).

Yuguang Xiao (Sorbonne Université) Long-Range Ising Model in 1D Sept. 2, 2026



Random Surfaces and th

2D Ising Interface

Discrete Gaussian Chain

2? ¢: Ny —Z
(- - -) ‘M
Heights ¢; € Z
(& /

Dobrushin boundary condition
Credit: V. Beffara
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Conclusion & Perspectives

Summary: 1D Long-Range Ising & Random Currents
e 1D Long-Range Ising Model (DCGT 2025):
Bernoulli — FK (¢ =2) — 1D LR Ising
o Random Current Representation (ADCS 2015):
<0,‘0’j>/%’51 = P/%,ﬂ, ®]P)/%,,8/(i Hj in supp(n1 + ng))

Perspectives

e Garban’s Open Problem 4
@ Random Current Representation for the DGC
e Random Interface «+— DGC
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Thank you for your attention!

Questions & Comments

Master's Defense — September 2, 2026
Sorbonne Université
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